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Abstract: This paper is the second of two focusing on the analytical solutions for light
transport in infinite homogeneous tissue with an azimuth-dependent (m-dependent)
anisotropic scattering kernel by two approaches, Case’s singular eigenfuncions (CSEs)
expansion and Fourier transform, and proving the consistence of the two solutions
theoretically. In this paper, the analytical solution for the m-dependent truncated scattering
kernel was derived via the Fourier transform and inversion, and expanded with the m-
dependent generalized singular eigenfuncions (GSEs). Two kinds of GSEs that are defined by
Ganapol in the case m =0 are extended to arbitrary azimuthal orders and proven to be
consistent with CSEs both in expression forms and in intrinsic behaviors. By applying the
Fourier transform inversion on the solution for the three-term recurrences, the Green’s
function of radiance distributions is obtained successfully, and it conforms perfectly to the
CSE:s solution in the limit, which has already been discussed in our first accompanying paper.
Meanwhile, as a byproduct, a series of identities about the m-dependent Chandrasekhar
orthogonal polynomials were presented and will be greatly helpful for further studies.
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1. Introduction

In our first accompanying paper we have derived Case’s singular eigenfunctions (CSEs)
solution of the light transport equation in the infinite homogeneous tissue with m-dependent
anisotropic scattering kernel and benchmarked four computational methods for the m-
dependent Chandrasekhar orthogonal polynomials. In this paper we presented the
corresponding Fourier transform solution and then showed the consistence of the solutions
obtained from the two approaches.

The CSEs solutions are always seen as the exact solutions of integro-differential transport
equations and naturally suitable for the light transport in turbid tissue [1-9]. Fourier transform
method is a useful method and applied successfully to the transport equations in the regular
space [10-17]. Ganapol [12—-16] derived the Fourier transform solution for the infinite
medium with azimuthal symmetric scattering kernel and showed the consistent theory in a
more mathematically unified manner. Machida [17] used the Fourier transform and rotated
reference frames technique to compute three-dimension Green’s function for three-dimension
linear Boltzmann equation. Their outstanding work opened up a new scope to solve the exact
radiance distributions that we are seeking for the light transport in biological tissue.

Firstly, by introducing the associated Chandrasekhar polynomials of the second kind, the
general analytical solutions for three-term recurrence in Fourier k-domain are extended to the
azimuth-dependent or m-dependent case explicitly as the base of the Fourier transform
solutions. Secondly, in m-dependent case, taking the associated Chandrasekhar polynomials
of the first/second kind as the Legendre moments, the generalized singular eigenfunctions of
the first/second kind (GSE1, 2) are defined, in the limit version and in the truncated version,
in terms of the associated Legendre polynomials of the first kind with the same degrees and
orders. And also, the implicit corresponding relations between GSEs and CSEs are pointed
out and proven from the perspective of both expression forms and intrinsic behaviors.
Depending on the first Legendre moment, the general analytical solution can be expressed
completely and used to Fourier inversion. Lastly, in the Fourier inversion, the contributions
from the poles and the branch cut are combined to the final Fourier transform solution. The
poles in complex plane correspond to the discrete values in Case’s method and the branch cut
corresponds to the continuous spectrum, and then the final solution confirms perfectly to the
CSEs solution.

During the derivation, many identities are different from those in the case m =0, such as
the Christoffel-Darboux (C-D) identities or Liouville-Ostrogradski (L-O) formulas [14-19],

A7 etc. The derivations of these identities are lengthy but very helpful to future study.
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2. M-dependent polynomials and C-D formulas

In our following derivations, many m-dependent polynomials or functions and corresponding
C-D formulas will be used frequently. However, there are some aspects different from that of
the case m = 0. In this section, we give brief reviews of these polynomials and formulas.

In the real domain [20-22], P, (u)(—-1< u <1) is the Legendre polynomial of the first
kind of degree / . B" (u)(-1< u<1,12m>0) is the associated Legendre polynomial of the

first kind of order m and degree [, and the Hobson’s definition is

m mf2 d"P (ﬂ)
P"(u)=(-1)"(1-4*) —1=2 1
P” ( ﬂ) satisfies the three-term recurrence relation
(20 +1) B (1)~ (1=m+1) Bl (1)~ (1+m) B, (1) =0 @

In the complex plane, 7, (z) is a Legendre orthogonal polynomial [20] and P"(z) is
defined as [20-22]

mf2 d"P (Z)
Pm — 2 _1 ! 3
I (Z) (Z ) 2" 3)
and satisfies the Eq. (2) with initial terms [17]
P (2)=(2m-1)(2 1), Pn(2)=(2m+1)zE) (2) 4)

Because B, (z)and P" (z)are polynomials in z , they are analytic in the complex plane.
0, (z) is the Legendre function of the second kind and defined in the complex plane

excluding a cut line — to 1. However, in our research we usually use the following
definition

tb
0(z)=5] Z’%Vv)dv ®)

where z is not on the cut line —1 to 1. Similarly, we define the associated Legendre function
of the second kind as [17, 20]

(-1)" j<1-u2>”’“em<u)

du (6)
2(-1)" u

where z is in the complex plane with a cut along the interval (—1,1) on the real axis. From

Eq. (6), we can get the three-term recurrence for 0, (z)

z(20+1)0" (z) = (I-m+1) QL (2) = (I+m) O, (2) :—1.”(22 _1)""/2 6, (7

with initial terms [17]
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[2m-1)T] L(1-p2)" . oy (2m)!
P S Qe =m0 ()= s

where 9, is the Kronecker delta, o,

Im

0, (z)= ®)

=1 for / =m , and otherwise §,, =0 .
The Chandrasekhar polynomials g, (z) and p;" (z)are defined in our first accompanying

paper and can be extended into the complex plane. They satisfy the three-term recurrence
relations

zhg!" (z)—-(I-m+1) g, (z)-(I+m) g (z)=0 )
thplm (z)—(l—m+1)p,’il (z)—(l-i—m)pﬁl (z) = —p::“ (Z)dlm (10)

where h, = (2/+1)(1-@ f,) and 0 < m <[ . The initial terms are

2m)!
()=, gz, =g (2 an
m _ m z

The Christoffel-Darboux (C-D) identities or Liouville-Ostrogradski (L-O) formulas about
above polynomials are ordinary and not difficult to derive, however, in our case m > 0, there
are still some points that deserve careful consideration. For example, the definitions and
three-term recurrence of 0" (z) should be noticed during the derivation. We have already
derived these formulas, and listed here for future use. In the following formulas, L is the
truncated position of the phase function, that is to say when/>L, f, =0. N is an integer,
and N >L.@ = p,/u, is the single particle albedo, where 4, is the scattering coefficient, 1,

is the absorption coefficient, and 4, = u, + 4, is the total attenuation coefficient.

SU oty ()8 ()= 22 S U 01 0) g (2) 2 ()

= (1+m)! Z—p e (I+m)! o)
((Vrlom)tgl, (2) Y (#) - gy (2) Bl (#)
(N+m)! z—U
S U= 1) () () =2 S U 1) o (2) 2 ()
S (I+m)! ! z—ust(I+m)! o !
(NVA1-m)! pl, (2) BY (1) = Py (2) B (4)
(N+m)! z—U (14
e (=)
z—u  (2m)!

_ L+1 m |:gL

m_i(tz)i(”“)ﬁgf’(Z)Pf”( P (2)-gl (2) B (2)](19)
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Lo(1 L+1-m)!
03 ) a7 ()07 () = 7 ()02, (2) -, (907 2]
H(z2-1)™
(16)
L (1 L+l-m
o3 ) e ()7 ()= S A o 222 (2002 21 (2)
Z(l—Z )M/z
" (2m)!
(17)
L (1-=m)! L+1-
03 I ) 7 (907 ()= o ()08 (-2, ()0 (2]
pz’nnﬂ (Z)Q:nn (Z)
T 2m)!
(18)
L(L=m)1 2041 e V(N HL=m)UPY (2) By (1) = B (2) B ()
,Z,,;(l+m)! y B w) =5 (N +m)! -
(19)
S (=m) 2041 o L(N+1-m)! OV, (2) B (1) - Oy (2) By, (#4)
;(l+m). o (=)h" (u )_2 (N +m)! z—-Uu
M2 o —mf2
=) (2 )
2 z—U
(20)
I+m-1)!
e (2)-a (on ()= an
I+m)!
PO ()17 (2000 ()= s @)
3. Standard Fourier transform and matrix inversion
Let’s begin with the Eq. (4) in our first accompanying paper:
oY (7, 445 44y) m ”
Uy (s ) = ,Z\r;\ﬁlP jP (T, 1, ) d (23)

+6(0) (1=t

where 7= x is the optical distance which changes the absolute position variable x into

:(l—m)!
(I+m)!

optical depth 7, and S

(27+1) f,. Equation (23) describes the distribution of the
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radiances in the infinite homogeneous tissue for specific m . Because of the spherical
symmetric attribute of the scattering, in the following derivation we assume that m >0 and

I>2m.
Then, we introduce the Fourier transform and inversion

oo

v (ks ) = [ 9" (7,05 1) e d (24)
, 1 Fon
v (r,u;u0)=gjl/f (kg3 14y ) "l (25)

and apply Eq. (24) to Eq. (23), and we get

(1+iku )y (k. pis ) = Z/ZP”‘ IP'"’ (kopt's 1ty dpt/ 6
Im
+O(p—pty)e ™™

Expanding the l/~/m (k, 1; 14,) by the associated Legendre polynomials of the first kind

m > —m)!
ko s thy ) = — v (k) B 27
4 ( ,U/Uo) Z(Z+m)! 5 1/’1( luo) ! (,U) 27
and letting z = i/k , and we get the Legendre moments

(k) =B LB, (W ()P ()™ @)

0

where j=m,m+1,---, and

(29)

IR W), {ZB”’(Z)Q,’-”(Z)JSJ

L, (z)=> _ ” m :
2° z—p 20" (z) P (z),1> )

In the derivation from Eq. (27) to Eq. (29), k is constrained in the complex plane
excluding cut lines [i,e0) and [—i,—) on the imaginary axis, and correspondingly z is

defined in the complex plane excluding a cut line —1 to + 1 on the real axis.
Dueto A" =0 for/>L,whenm < j <L, Eq. (28) can be rewritten as

il: -op"L; il )]{/;Z (k;ﬂo):

I=m )

I)jm (#O )efim% (30)

where &, is the Kronecker delta, §, =1 for j =1/, and otherwise J, =0. The subscript L

in l/?f, (k,2; 14,) denotes the truncation. We define the following matrices and vectors
V] =) 61
(L], =15(2) 32)
(8], =85, (33)
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[P = () (4
and Eq. (30) can be rewritten as
[I —ZD-Lmﬂm :|y7m — Leﬂ'm% Pm (35)
Z— My

Matrix inversion can be directly used to get the moment vector of yN/f, (Fey g5 14y)

"/;m — z e—im% |:I _m-Lmﬁm :|71 P (36)
Z—H,
Then, from Eq. (25), Fourier transform inversion can be applied to Eq. (36) to get the final
conventional solution, and we don’t deduce further.
4. Fourier domain solution and GSEs
4.1 Solution of three-term recurrence

From Eq. (4), we can also get the three-term recurrence
zh ‘/N/;ﬂ (ks pty) = (1 =m+ 1)‘7/;11 (ksuy)—(1+ m)l/j;il (kspy) =28 (1) (37)

where S;" (1,) = (20+1)B" (1, )e™” . As Inonii pointed out [18], the finite-difference

equation, the homogeneous equation of Eq. (37), has two linear independent polynomial-type
solutions, e.g. g/"(z) and p,"(z), which are the associated Chandrasekhar polynomials of
the first and second kind respectively and defined in our first accompanying paper. Ganapol
[14] defined the solution form of the three-term recurrence as summation of the general
solution of the homogeneous equation and the particular solution of the inhomogeneous
equation, and derived the form of the particular solution. The solution form is also applied by
Ganapol to derive the Fourier transform solution in case m =0 [12—16] and by Machida to
express the solution in m-dependent case [17]. Here, we still use the solution form and define

~m

v, (k;u0)=am(z;uo)gl"’(Z)+b”’(z;/lo)p{”(Z)+ZZ77,”;(Z)S]~(ﬂo) (38)

where a” (z;44,),b" (z;44,) and n' (z) are the coefficients to be determined. It is noted that

the analytical solution form expressed in Eq. (38) may be different from that given by
Machida [17], but they are identical essentially.

We assume that the first Legendre moment of (ks 14) v, (ks 44,) , is known, then we

let [=m, a" (z:4,) =" (k:t1,)/ " (2), and b” (z;11,) = 0in Eq. (38) and get

_m v ks 1, !
v () =20 E ) g (223 (2)5, () )

Substituting Eq. (39) into Eq. (37), to keep balance between the equations, the following
relations must be satisfied

zhny' (2)=(1=m+ 1), (2) = (14 m)ap?,  (2) =0 (40)

;=0 (41)
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Mg (2)==1/(1=m+1) 42)
Equation (40) is a three-term recurrence, too. Considering that Eq. (40) is a homogeneous
equation, the particular solution is zero, and 77/, (z) can be expressed by general solution
form

m(2)=¢i (2)e! (2)+d} (2) p!"(2) 43)
The coefficients ¢ (z),d] (z) are determined by substituting Eq. (43) into Eq. (41) and
Eq. (42)

Pl (z) 1
cm (Z = . m m m m (44)
! ]_m+1pj (Z)gj+l(z)_gj (Z)pj+1(z)
g7 (2) 1
d’:n (Z) = . - m m m m (45)
! ]_m+1g,- (Z)ij (Z)_pj (Z)g_,'+1(z)
From Eq. (21), 7", (z) now is
m,; (Z)ZMT[ID/ (2)g (Z)_gj (2)pi (Z)] 47)
Thus, the analytical solution Eq. (37) can be expressed as
v, (k;ﬂo):%(z)o)gl (Z)+7(1 (z,4y) (43)

where

Z/’"(Z»/I)E(M)!ZI:M[PT(Z)g[m(Z)—gf-"(Z)/sz(Z)]Sj(#) (49)

= (J+m)!
2" (z,u) 1s the auxiliary function and y,, (z,u)=0. From Eq. (48) and Eq. (49), we can

see that if the first Legendre moment is known, the other Legendre moments will be easily
got. The first Legendre moment plays an important part during the derivation.

4.2 The first Legendre moment

The first Legendre moment is so important that Ganapol had provided several methods of
solving it [12-16]. When m =0, those methods are all valid. However, whenm >0, it is
impossible to use the isotropic point source to find the first Legendre moment. So, we
substitute the Eq. (48) into Eq. (30), let j = m , and use

() =5i By (1) B (1)

2] i du=zP" ()0 (z) (50)

then we get

~m 1 m —im m L m ym m
Vo bit) = P (e s (O30 () ()|
® I=m

Z=Hy
(51
where
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AV (z)= 2 e (z) (52)

In our first accompanying paper, we deﬁned a holomorphic function in the complex plane
excluding a cut line —1 to 1 on the real axis

" oz g(zu 22
A (2)51—72[%/(1—# )" du (53)
where
Zﬁf’ / (4) (54)

Substituting P, (z) = (2m—1)1!(z* —1) and g”(z)=(2m-1)!! into Eq. (52), it is
obvious that Eq. (52) and Eq. (53) are identical.
4.3 The generalized singular eigenfunctions of the first kind

Now, we can begin to build the generalized singular eigenfunctions of the first kind (GSE1)
which are extended from the Ganapol’s definition for the case m =0 in the complex z-plane
[15, 16].

Let’s define GSEI, called the limit version, as the expansion series of the combination of
the associated Chandrasekhar polynomials of the first kind and the associated Legendre
polynomials of first kind

- '21+1 g .
o' (z,u)= g (2)B" (u) (55
l:m l+m

and define the corresponding truncated version

N ({=m)!2l+1
o (i) = S 2L ) ) 56

where N > L. AsN — oo, @' (z,it; N) —> @) (z, 1) .
Substituting Eq. (13) into Eq. (56), we get

Dz Py (Z /I) (N m+1) gﬁu(z)sz (/u)_g;:; (Z)PJ\,In+1 (:u)

" (z, ;N ) = 57
% (Z'u ) 2 z—u 2 (N+m). z—pU 67
where
N
o (z.u EZ 21+1 ) fig!" (2) B (w) (58)
I=m
Because/> L, f, =0, @ (z, 1) Wlll remain unchanged for any N > L ,
L
o (z.1)= ¢ (2, 1) =Z 21+1 ) figl" ()" (u) (59)
I=m

From Eq. (56), the analyticity of ¢," (z, u; ) depends on that of g/" (z) . When/< L, as
discussed in our first accompanying paper, it is certain that g, (z) is an analytic function

because it can be expressed with polynomials explicitly or a tri-diagonal determinant which
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can be factorized with the eigenvalues. When!/ > L, from Eq. (9), the three-term recurrence
for g"(z) will be the homogeneous form

z(21+1) g (z2)-(I-m+1) g/ (z2)-(I+m) g, (z2)=0 (60)
Considering the g, (z) degenerates into associated Legendre polynomials when/> L,

we can use the form of the general analytical solution of three-term recurrence again

g'(z)=a(z)B" (2)+B(2)0 (=) (61)

According to the continuity of g;" (z) at the truncated position, we have

{gZ”(Z)=Of(Z)P'"(Z)+ﬂ(Z) 0/ (2)
B

(62)
gl (2)=a(z) P (2)+B(2) 0/ (2)
Using Eq. (22), the coefficients can be solved
a(2) =7 (5) =L o ()0 (2)- 2 ()00 ()]
(L+m)! 63)
(L—m+1)!
B) =i ()= et (VR ()-8 (2) P 2)]
So when/> L,
g'(z)= AL (2)B" (2)+y] (2) Q" (2) (64)
o (Leme) [gr ([P (2) 0 (2) Qz"H(z)P,"f(z)]}
(7)== ) (65)
8 )=y {+g2‘+1(2)[13”’(2)QL"(Z)—PL”’(Z)QI”’(Z)]

By letting /=Lor /=L+1in Eq. (65), the correctness of the expression of g (z) is
apparent. However, due to the singularity of Q" (z), the analyticity of g;"(z) needs to be
proven. When m =0, Ganapol [15, 16] proved it by the relationship between Q,(z) and
P,(z) . In fact, from the definition of Q" (z) in Eq. (6), we write down the part of Eq. (65)

B (2)0; ()P (2)Q" (2)

dm / (Z) m _ deL (Z) m m 66
cy i e B ()= 5 B" () \B (ﬂ)d (66)
_2(2m—1)!!£ - “

Because P, (z) is a polynomial in z of degree/, and B" (u) is a polynomial in x of
degree!, it can predicate that the denominator will vanish and the expression is analytic. So
we can conclude that g"(z) is an analytic polynomials in the complex z-plane and then
v, (z) is analytic, too. So, ¢;" (z,; N) is actually analytic function in the complex z-plane.
But from Eq. (63), A} (z) is only analytic excluding a cut line —1 to 1 on the real axis.

Substituting Eq. (64) in Eq. (56), we get the truncated version of GSE1
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o (M) =2 ‘”LZ( ;f‘) A (2)80 ()47 ()0 (zr)  (67)
where
. _1L(N+1=m)! PY, (2) B (1) = By (2) By (4)
o (zH)=3 (N +m)! Ey (68)
N 1 ' m PITI
qx (Z,ﬂ)= 1( + m) QN+1( ) ( ) QN( ) N+1 (/'l) (69)

2 (N+m)! z—U
From Eq. (54) and Eq. (59), ¢, (z,) is identical to g" (z, ) in Case’s method. Thus,
the truncated version of GSE1, @ (z, ;N ), is expressed by all known functions and similar

to the eigenfunctions in Case’s method.
Now we can inspect the relations between the CSEs and GSEs. Let’s check the discrete
eigenfunctions first. Because the discrete eigenvalues in Case’s method are real and their

absolute values are greater than 1, here we let z is real number, i.e.v, and|v| >1. Though

0 (v— ) will vanish for discrete eigenvalues, expanding the Dirac delta function in terms of

the associated Legendre polynomials of the first kind, and we get

= (I-m)! 21 +1
S(v—u)= —2P" (v)P" 70
From Eq. (19), when z = v we get
N (l-m)' 20 +1
oy ( P B" 71
(v.12) g,,:l+m " (v)B" (1) (71)
So
}]iglé},”(v,ﬂ)zﬁ(v—ﬂ) (72)

It should be noticed that Eq. (70) ~Eq. (72) are only valid in real domain. In complex
domain, Ganapol suggested [16] that the Dirac delta function should be viewed as a
placeholder and the limit came at the end when z was taken to the cut line to become real.

2 m2 o, _ -m/2
Expanding %(1 a ) (V 1)
vV-H

in terms of the associated Legendre polynomials of

the first kind, we get

" (v) B (u) (73)

mf2 2 -mj2
ZN [—m)! 1-u -
q;'/’ (V”u): ( m) 2/ +1 lm (V)le (Iu)_l( ) (V ) (74)

So

lim gy (v, ) =0 (73)

Then, as N — oo and v is real discrete eigenvalues, the limit version of GSE1 is
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)@ el (v4)
2 v—Uu
It is obvious that Eq. (76) is consistent with the discrete eigenfunctions Eq. (8) in our first
accompanying paper. However, for the continuous spectrum in Case’s method, it can’t
immediately conclude that @ (z,4;N) is identical to the continuous eigenfunctions in

Case’s method. To prove that fact, we need to prove the consistency from both expression
forms and intrinsic behaviors. So, firstly, we discuss how ¢, (z,; N) approaches the cut line

¢ (v ut) = lim gf" (v, u (76)

—1 to 1 from above ( + ) and below (-). Because of the analyticity of ¢;' (z, ) and v (z) in

the complex z-plane, when ve [—1,1] we define

[0 o] =2 () }

A (77)
+[ A7 ()] [0 i) |+ () g () |
From Plemelj’s formula [23] we get
1 1 )
{ } =P——Find(v—u) (78)
z—U v—u

Here 2 denotes the Cauchy principal value. From Eq. (6) and Plemelj’s formula we get

2 p (v) (79)

[or (] =Por ()7 R

So, from Eq. (63)
(A7 ()] = %{gﬁl e (] -gr e (] ]

m .” m
=PA] (v)il?l//L (V)
From Eq. (68) we get

(80)

s 1(N+1-m)!

o8] =3 T LB IR (=B R, (“”L—IJ (81

=20y (v.4t)
From Eq. (69) we get

[z )] =207, 0] e ) -[: 01] rf L
=24 (v,ﬂ)¢7[P5$ (v.u)=8(v=p)]
(82)

Substituting Eq. (78), Eq. (80) ~Eq. (82) into Eq. (77) we get
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(07 ()] =2 ()P4 PAT (1)PS (vtt) +7 (V)P4 (0210

vV-H
. w m .ﬂ' m m
7in 2 g (1) 8(v-0) £ Ly (1)P85 (v 4)
- :
F v (V[P (vp)=8(v-p)]
(83)
From Eq. (13) and Eq. (63), let =z =v and we get
ove! (v,v)=y] (v) (84)

and

m + w m 1 m m m m
|:¢L (V»/U;N):' :7v¢L (Vaﬂ)PH"'PAL (v)Pog (v.u)+y) (v)Pay (v, 1) (85)

Equation (85) is the evidence of the analyticity of ¢ (z, 4; N). Since now z become a

real number, as N — oo, we can safely get the equivalent Case’s singular eigenfunctions in
the continuous spectrum

m m-v m l m
o (vpt) == (v,ﬂ)PgW 1 (v)o(v—mu) (86)
Thus, the consistency of intrinsic behaviors is shown. Further, ZA} (v) should be

identical to ﬂ»(v)/ (l—v2 )m/2 from the expression forms. In fact, from Eq. (14) in our first

accompanying paper, we get

From Eq. (16) and Eq. (63), we get

A ()=(# —1)’"”—wzz "Rt g ()00 (5) (89)

I=m l+m)
We note that when ze [-11], (z* —l)fm/2 should be changed into (1-2’ )7,.1/2 and Q" (z)
should be changed to Cauchy principal value integral. So we proved
Av
AT (v) :Lm/z (89)
(1-v*)

So the consistency of eigenfurnctions form is proven. Whenm =0, our GSE1 is identical
to the Ganapol’s GSEI1. Of course, GSE1 satisfies the normalization condition Eq. (9) in our
first accompanying paper naturally.
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4.4 The generalized singular eigenfunction of the second kind

Similar to GSE1, we define the limit version of the generalized singular eigenfunction of the
second kind (GSE2)

~ |
CHEY sz )2’; Lor(2) B (1) 90)

07 (2= 3 U2 ) o1

where N >L.AsN — oo, ©7 (z,4;N) — O (z,) . Substituting Eq. (14) into Eq. (91), we
get

z (l_ﬂz)m/z
O (2.4 N) = ——— | @h]' (z,4) =~————
2z—u (2m)! )
1L (N+lm)le () pr
P P (N+ )' [pN( )PN+](ﬂ)_pN+l(z)PN (,U):|
where
L(1
B (e =7 ) = SR ) £ ()
As the derivation in the previous section, when / > L we get
P (2)=7(2)B" (2)+6] () 0" (2) (94)
where
oy (L=m1)! " "
72(2)_ (L+m)! I: L+1( )QL( ) (Z)QL+1(Z)]
(L-m+1)! ©3)
9?(Z)=-W[p£il(2)li’”(2) P (2) Pl (2)]

As g/"(z)is an analytic function in the complex z-plane, we conclude that p;" (z) is

analytic function without trying to prove it.
Substituting Eq. (94) and Eq. (95) into Eq. (91) we get

m m (1_ﬂ2)”1/2
oy (z,,u;N):EZ_# oh) (z,y)—w

+77(2) 4 (z.4) +6] (2) 4y (2, )

(96)
Similar to the derivation in previous section, as N — o and z is discrete eigenvalues,
we get

(1)
07 (va0) =2 | @i (v, p) )

v
2v—u (2m)! ©n
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From Eq. (17) and Eq. (97), let ¢4 =z =v and we get

v(l—v2 )m/z

W=9lﬂ (v)

@vh)' (v,v)- (98)

Further, when z approaches the cut line —1 to 1 from above ( + ) and below (-), we can

also get

(2m)! v-u 99)

2\m2
(07 (v N)] 2[‘”’”"( ﬂ)—(l_ﬂ) ]P :

+Py (v)POy (v, )+ 6" (v)Pqy (v, 1)

So as N > , we get the analogue of the Case’s singular eigenfunctions in the

continuous spectrum

m2
®'L”(v,ﬂ)=§{d)’h£"(v,ﬂ)—(1;2/;))! ]pvl +2y7 (v)S(v—u)  (100)

When m =0, our GSE2 is identical to the Ganapol’s GSE2 [15, 16].
And also, from Eq. (63) and Eq. (95), we get

A7 ()67 ()~} (2) 70 () =~ (101)
(2m)!
Considering vin Eq. (84) and Eq. (98) can be extended to any z in complex z-plane, we
get
1_22 mf2 1
A} (z) whi"(z,z)—w —6)‘(/)]';’(2,2)}/;(2):—(2—"1)! (102)
then
mf2
7)1 Lo (1-2)

= +@h (z,z)—

_ . (103)
A} (z) @) (z,2)| (2m)! A} (2)

4.5 Fourier domain analytical solution

It is time to build the Fourier domain analytical solution to prepare for the Fourier transform

inversion. From Eq. (27) and Eq. (48) we can build the Fourier domain analytical solution

~m = (I=m)! 21 +1 ~m
ke, s 1y) = ——W, (ks ) B
" (k. ) §(1+m)! SV (k) BT (4)
o (104)
" V. (ks u
:¢L (Zuu)m—O)'i-T(Zalu;/uo)
g (2)
where
= '21+1 i
T (z, 5 14y EZ 2" (z 1) B" (1) (105)

I=m l+m
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and define the truncated version

~ " v, (k4
v, (k14 N) = ¢ (Z,ﬂ;N)ﬁ+T(Z,ﬂ;ﬂO;N) (106)

m

where

No(l- 21+1 ” .,
T (z,pt; 4y N Z 0 2 (2. 4y) B (1) (107)

Ganapol [15, 16] proved that T (z, ; 14, ; ) is an analytic function in the case m =0 and
it would greatly simplify the Fourier transform inversion. For m >0, we find that g" (z) and
p," (z) are analytic functions, so y,"(z,4,) must be analytic too, and then T (z, ;13 N)

.That is to say 7'(z,u; t,; N) will make no contributions to the Fourier transform inversion.

Then we will focus on the first Legendre moment in Eq. (106).
From Eq. (51), we define

S(z,uy)=@zP) (2 Zﬂ, O (2) 1" (z,44) (108)
Substituting Eq. (49) into Eq. (108), we get

S(z,uy)=(2m)\@zP! (z )

S0 (S o7 () (o) 21 (2)]5 )
(109)
Interchanging the sum sequence in above equation, we get
_ m c (-]_m)'
S(z.t0) = (2m)1B <z>;(j+m),s., (1)
[ZUZZ 2)Q" (z szﬂ, (z)} (110)
5 I=m
_gj |:@'ZZﬂ1 pz le @'Zz B ol ):|

From Eq. (16) and Eq. (18), we get

S(z.,) = (2m) B (2)

L pr(2)[ AT (2)- Ay ]} (111)
12»;1(]+m { [7/” 7' (2)] k)

Substituting S," (4, ) = (20 +1) B" (4, )e™™"* into Eq. (111), we get
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S(z, 4y )= (2m)\ P ()™

S ) ) (I 2= (17 o)

(j+m)!

J=m

|

A () S )07 2) 7 ()

2 (Gem
O e )77 )]
From Eq. (63) and Eq. (95), we get (12
P7 ()N ()-8 ()77 (2) =5, 5,07 (2) (113)
So
SR )77 ()07 ()5 () (7, (]
= S U )0 () (114)

) ()
2 Z—H,

:_TZ. ( nuo)

From the definitions of the truncated version of GSEs Eq. (56) and Eq. (91), we get the

relations

& (Z,,U;L) =9, (Z’IU;N)
+A] (2)[ 87 (z.1) =8 (z.0) |+ wy (2)] a7 (2. 0)— 47y (z.2) ]
(115)
o, (z,ﬂ;L) =0, (z,,u;N)

+7,(2)[ 8] (z.12) = 8y (z.12) |+ 6] (2)| @) (z.10) 3 (2. 12) |
(116)

So applying Eq. (101), we get
S(z.tt) = (2m) 1] ()™

2 72”(z)¢£”(z,ﬂo;N)—AZ(Z)GZ(z,ﬂo;N)—@q}’J(z,ﬂo)

2 () ()"
(2m)! z— U,

(117)
Substituting above equation into Eq. (51), we get
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~m 2(2m)'R:1 (Z)eiim%
v, (k)= A7)

X{?’f (2)¢" (2. 14;N )= A} (2)©] (z,ﬂo;N)—@q’N" (2, 44 )}

(118)
Different from the case m =0, from Eq. (52) and Eq. (88) we get
AT (z)= A7 (2)(-1)" (119)
So
v (ki) =2(2m)!(2m—1)1e ™
7 (Z) 1 z
" b ;N _G)’n b ;N YA ¢ b
X A7 (Z) o (z Hy ) L (Z Hy ) A7 (Z) (2m)!(“IN (z ,uo)
(120)
Thus, from Eq. (103) and Eq. (106), we get
v, (ka4 N) = 2(2m)le ™
¢m ( N)¢m( N) 1 1 (1_22 )m/Z
L Z’ﬂ;j m L Z)/Ll) 2 'Am +whzn (Z,Z)— 2 :
X (DL (Z’Z) ( m) L (Z) ( m) (121)
()97 (2 N)
A7 (=) (2m)!
—H (z, 44 1;N)

where

H (2,44 s N) = 2(2m) e ™ 9" (2,1 N) O] (2,45 N ) =T (2, 145N ) (122)
It is obvious that H (z,4;,;N) is an analytic function and make no contributions to

Fourier transform inversion. So the remaining task is to apply Fourier transform inversion to
the expression in the brace of Eq. (121).

5. Fourier transform inversion

Applying Cauchy's integral theorem [24] to Fourier transform inversion is a popular and
useful technique. To use the Cauchy’s integral formula, we must construct a contour which
includes the real integral on the real axis specific to Fourier transform inversion in the

complex z-plane or k-plane. However, because A} (z) and gy (z,4,) are holomorphic

functions in the complex z-plane excluding a cut line —1 to 1 on the real axis, the cut line
must be mapped to imaginary axis in the complex k-plane both in the upper half space and in
the lower half space. Considering the symmetric radiance distribution about 7 , from Eq. (25)
we build the closed contour in the upper half space of the complex k-plane for 7 >0 (shown
in Fig. 1) and the contour integral:

m . 1 ~m kT
17 (7,3 3 N) = lim —— oy (b 3 N) "l (123)
C

-0



Research Article Vol. 9, No. 9| 1 Sep 2018 | BIOMEDICAL OPTICS EXPRESS 4049 I

Biomedical Optics EXPRESS -~

Vi =1
cut line Ly v "
cut line
x & T4
.
(a) z-plane (b) k-plane

Fig. 1. Complex z-plane and k-plane
As shown in Fig. 1, the contour in k-plane includes six integral segments:
C=T,+Cy+T +C +T,++C, (124)
So the Fourier transform inversion integral is operating on the real axis I', and we get the
radiance component in position space

m m . 1 ~m ikr
w" (7,014 N) = 1] (T,ﬂ;#o;N)—}gr;E [ v (kps i N)etdie (125)

£50 C-Ty
From Eq. (87) ~Eq. (89), as R — o or|z| >0, A} (z) > 1. ¢ (z,4:N), ¢} (z, 15 N)
and ¢ (z,z) are all finite polynomials and should be bounded. From the initial terms and
three-term recurrence of p" (z), when|z| >0, p/" (z) = 0, so from Eq. (93) &' (z,z) > 0.
And, as|z| - 0, from Eq. (74) and Eq. (79), gy (2,4, ) goes to a specific bounded value. So,
When|z| — 0, the first term in curly brackets contains in Eq. (121) should vanish, then by the
Jordan’s lemma [24], we will immediately conclude that as R — o the integrals over C, and
C; go to zero. As £ — 0 the integral over C, goes to zero because k =i or z =1 is not the
pole. So we only need to consider the contributions from the poles and the branch cut.
5.1 Application of the residue theorem
Before applying the residue theorem, we need to find out all the valid poles. From Eq. (121)
the zeroes of A} (z)and ¢]' (z,z) are candidates. From Eq. (119) the zeroes of A} (z) are

just the discrete eigenvalues in Case’s method. Case [25] proved that they are real, simple,
plus-minus paired, finite in number, and equal to or larger than 1 in magnitude. We assume

that there are M," the positive eigenvalues v;.” ( j=12,--- M Z’) which satisfy

A} (2v7)=0 (126)
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It is easy to verify that the zeroes of A (z) are valid poles, but the zeroes of @' (z,z) are

removable singularities. Ganapol [16] proved that is true in the case m = 0. In the casem >0,
the derivation is totally similar, so we will not reiterate here.

Since V! are the poles in z-plane and z=i/k , corresponding poles in k-plane are

ki = i/ v ,( j=L2,--- M/ ) , as shown in Fig. 1. The contour integral now can be evaluated
by residue theorem

J=1

my .
I (7,443 g N) = zm'zResLim (k. 1N )ik = k7 }elk’ ©oa
T

For each k' we get

17, (7.1 13N ) = ReS[% (ks 43 105N ) :kﬂefk,”r
~n » (128)
= lim (k= k7 ), (k. 25 1y N ) e

k—>k}”

Substituting Eq. (121) into above equation and converting the complex variable k into
corresponding z , we get

1 (7, s s N) = =i o (vj ’,Uoijr)@ (vj ,,U;N) e g
W (7)
‘ (129)
0T )0 (7 eN)
E; (o)
where
~m 1 dAT
W (s7) =2y g (v7.7) 1) 130
wi oy 1 dA(z
Ey(v)=5Y ;Z( ) (131)
Substituting Eq. (129) into Eq. (127), we get the contributions from the poles
7 (s i) = I LT AN CTEN)
7w
(132)
GET RN
X R

5.2 Integral over the branch cut

As shown in Fig. 1, the branch cut is [i,ieo) on the imaginary axis in the upper half plane. We
define k, =te+iy,ye [l,) and k, represents the integral path right side of the branch cut
and k_the left side. So z, =i/k, and the branch cut in k-plane changes to the branch cut

(0,1] on the real axis in z-plane, as shown in Fig. 1 (a).
So we get
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. +i
Zi:kl—izg);;l;‘z ZVii€+0(€2),V€[0,l] (133)

The integral over double sides of the branch cut is

1+ie 1 —_m -
‘ SV, (z 43 N) e 7 dz,
m l . i€ +
ILbranch (T’ﬂ’ﬂO’N)=_2ﬂ_£l£% 1-ie 1 _
| v, (z 14N ) e 7dz_ (134)

. -7/v
1 e ~m ~m
=-— —z[m (zo. i th3N) =y, (Z+s/l;ﬂo;N):|dv
2wy v
From above derivation we only need to consider the terms in Eq. (121) which include

A} (z)orgy (z,4,) , so we get
Wy (2o s s N) =07, (2, 5 13 N)

zzeim%¢;"(v,ﬂo;§)¢2"(v,ﬂ;N){ 1 - ! }(135)
ap; (v.v) [ar )] [Ar ()]

Zim m I:QN v, 4y :' I:qN v, Uy :' }
-2 """ (v, i;N) = =
{ [Ar0)] [AT ()]

From Eq. (80) and Eq. (84), we get

1 1 IOV, (v,v)
—— —=— — - (136)
[Ar0] [AT0)] A0 [Ar ()]
From Eq. (80) and Eq. (82), we get
[an (na)] [y ()] izEr (vop) 137)

(arm] [arm] [Arm][arm]
where

F" (v 1) =[Py (v t) =S (v—p2) |PA] (v) 7" (v)Pgy (vopz)  (138)
So

W1 (20 s s N) =W, (200185 403 N)
__2imvg! (v 43 N) @) (v, 43 N) o (139)
(A7 ()] [A7 ()]
2079 (VN F (V1) g
(A ()] AT ()]

So the contributions from branch cut is
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[Zbrancll (Tﬂ ,Llﬂ ILIO 5 N)

j‘ ¢Lm v :Um (v H; ) 2izvg) (V7f;N)FLm (Vnu) e ™ gy
0 (v) VN (v)
(140)
where
N"(v)=v[Ar ()] [Ar ()] (141)

5.3 Fourier transform inversion solution

Thus, we can build the Fourier transform inversion solution in the position space from Eq.
(125)

l//m(T“u;’uO;N)=§Zi¢L ( I’luoj ( j ’lu;N)efr/V;’/‘"e—im%

N)9;
Ny ()
M} q}\m[ . ”UO Lm j s M5 —1' Vi —img,
§ (v 2( () N) o1 e
¢L (V Hys ) (V"u;N)
1 N (v)
! +2inv¢f(v,ﬂ;N)FL’” (v.1)

~m

VN (v)

Since now z has become real, as N — o, we get

w" (T,,u;,uo) _ MZLMQ (Vj ’fiﬁ)@ (Vj "u)e"/"Te*im%

Jj=1 No (v;")

+j‘ ¢Lm (‘Gﬁom) ¢Z’ (V’/’l) efr/ve—im(pu dv
0 N (v)

Now, the last task is to confirm the norms in Eq. (142) or Eq. (143) are equal to those
norms in our first accompanying paper, though it is apparently in m =0 case. In fact, from
Eq. (119), this is undoubted without much efforts due to the common zeroes.

So we can finally conclude that the Fourier transform solution is consistent with the
Case’s singular eigenfunctions solution. The contributions from the poles in Fourier transform
inversion are equivalent to the contributions of discrete eigenvalues in Case’s method, and
correspondingly, the branch cut contribution is equivalent to that of the continuous spectrum.

(142)

J=1

eff/ve—tm% dv

(143)

6. Conclusion

Both the Case’s singular eigenfunctions expansion method and Fourier transform method are
applied to the light transport integro-differential equations in the infinite homogeneous tissue
with m-dependent anisotropic scattering kernel, and the consistence is proven from the
singular eigenfunctions and the final series solution. However, some remarks are worth to be
mentioned.

The form of solutions for three-term recurrences may be the most valuable point and can
be combined with other methods, such as P, method [26, 27]. We can predicate that the

general analytical solutions that consist of the general solution and particular solution may be
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applied to more approaches to seek the solutions of light transport equations in one/two/three-
dimension full space, half space, and slab space etc. with general scattering kernel, especially
when Case’s method is not suitable. These general solutions and particular solutions are
usually all related to the two kinds of the associated Chandrasekhar polynomials, so the value
of the polynomials of the second kind may be developed intensively.

During our derivation, the identities involving Chandrasekhar polynomials and Legendre
polynomials are often confusing due to the disunity of the definitions of some polynomials,
such as the associated Legendre polynomials of the second kind. It is noted that the three-term
recurrences for the associated Legendre polynomials of the second kind may be different
from those in other books [20-22] in the first term. As Ganapol [16] and other experts pointed

out, some functions in the derivation, such as delta function &(z—x) and

1) ()
2 z—U

, are extended into the complex plane, but their behaviors seem

difficult to interpret in mathematical manner. So some rational mathematical tricks must be
applied.

In our first accompanying paper, four evaluations methods of the two kinds of
Chandrasekhar polynomials have already been benchmarked in a computational manner. In
this paper, the analyticity of the two kinds of Chandrasekhar polynomials are discussed in a
mathematical manner. Besides, the measurable standards or formulas for the stabilities in m-
dependent case are needed to be established, the mathematical features are still required to be
explored thoroughly.

Lastly, we are revisiting the theories of the light transport in tissue and making great
efforts on seeking the analytical solutions and more effective methods to improve the
biomedical applications.
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